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Motivated by a concern about the low performance of American 
students in mathematics, the National Research Council published 
the report Adding It Up: Helping Children Learn Mathematics (2001). 
This report summarizes a core body of research revealing that U.S. 
students continue to perform poorly in mathematics. While they can 
carry out straightforward procedures, American students demonstrate 
limited understanding of mathematical concepts and are unable to ap- 
ply their knowledge to solve novel problems. This report also explains 
that the preparation of elementary and middle school teachers falls 
short of equipping future teachers with the knowledge they need to 
help students develop mathematical proficiency. Thus, a key challenge 
for mathematics teacher education is to prepare prospective teachers 
to teach mathematics for understanding. As Philipp (2008) describes, 
meeting this challenge is difficult because “teachers lack the depth and 
flexibility of mathematical understanding and the corresponding beliefs 
they need to teach for proficiency (NRC, 2001)” (p. 3). Moreover, given 
the persistence of traditional teaching practices in American teaching, 
prospective teachers have had few, if any, opportunities to participate 
in classrooms that promote learning mathematics for understanding 
(Lortie, 1975; Zeichner & Liston, 1987). 
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Teacher education programs have adopted several approaches to help 
future teachers develop the knowledge, skills, and practices for teaching 
mathematics for understanding. Some examples include using narrative 
and video cases that illustrate this model of mathematics teaching and 
engaging future teachers in the analysis of these cases (Hatfield & Bitter, 
1995; Lampert & Ball, 1998; Santagata, Zannoni, & Stigler, 2007) and 
designing courses that integrate the development of pedagogical content 
knowledge through the examination of mathematics and mathematics 
pedagogy (Philipp, 2008). Still, we know very little about the particular 
ways that pre-service teachers have come to understand teaching math- 
ematics for understanding, as well as what practices they perceive will help 
them accomplish this goal. As Boaler and Humphreys (2005) describe, an 
important direction of teacher research involves understanding teachers’ 
decision making in the moment of teaching. They write: 

Each [pedagogical] move is important and demonstrates the complexity of 
teachers’ work. Such moves also demonstrate the level, or “grain size,” at 
which teaching decisions are made. Teachers are often offered advice that 
is at a much bigger grain size, such as whether to use group work to have 
discussions or lecture. Wesee [...] that teachers need to make decisions that 
are at a smaller grain size, such as when and how to curtail a discussion, 
which examples of representation to use, or which students to call upon. 

The field of educational research has not developed extensive knowledge 
of the detailed pedagogical practices that are helpful for teachers to learn, 
yet the difference between effective and ineffective teaching probably rests 
in the details of moment-to-moment decision making, (p. 53) 

The goal of this study is to begin to uncover the detailed ways that 
pre-service elementary teachers examine and understand mathematics 
teaching, the grain size at which they do so, and what constitutes evidence 
of teaching mathematics for understanding for pre-service mathemat- 
ics teachers. Thus, the central research questions for this study are: (a) 
What are pre-service teachers’ conceptions of teaching mathematics for 
understanding? and (b) What counts as evidence for pre-service teachers of 
their practices in the planning, enactment, and reflection on teaching? 

This study takes place in the context of the Performance Assessment 
for California Teachers (PACT), also known as the Teaching Event. The 
PACT is a standards-based performance assessment designed to measure 
pre-service teacher learning (Pecheone, Pigg, Chung, & Souviney, 2005). 
The assessment draws on a variety of data sources, such as lesson plans, 
student work, videos of teaching, and teacher reflections to measure 
pre-service teachers’ ability to plan, implement, assess, and reflect on 
an integrated series of lessons that are intended to facilitate quality 
instruction for all learners. Furthermore, this assessment is broken 
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down by content area, with each defining the particular knowledge and 
practices that are valued by the discipline. An important feature of the 
assessment for all disciplines is its focus on application of subject-specific 
pedagogical knowledge. For mathematics in particular, candidates are 
prompted to design, enact, and reflect on a series of lessons directed to- 
ward building conceptual understanding, computational and procedural 
fluency, and mathematical reasoning skills (Pecheone & Chung, 2006). 
Because the vision of mathematics teaching and learning promoted by 
the PACT is consistent with that advocated by research on teaching 
mathematics for understanding, we use this set of artifacts to study the 
specific ways that prospective teachers have come to understand this 
approach to mathematics instruction. 

To begin to investigate these questions, we conducted a case study 
of four pre-service teachers’ PACT materials, including their written 
documents and video of teaching. These case studies provide insight 
into how pre-service teachers make sense of mathematics instruction 
and how they attempt to implement teaching practices to promote un- 
derstanding of mathematics. We propose that the results of this study 
can be used to construct a framework to examine pre-service teachers’ 
understanding of mathematics instruction more broadly, as well as to 
inform the design of teacher education programs that promote learning 
to teach mathematics for understanding. 

Learning and Teaching Mathematics for Understanding 

We frame this study by first reviewing the construct of learning 
mathematics for understanding and then consider the implications for 
pre-service teacher learning. Drawing on mathematics education re- 
search (Carpenter, Fennema, Franke, Levi, & Empson, 1999; Fennema 
& Romberg, 1999; Hiebert et al., 1996, 1997; NRC, 2001), we conceive 
of learning mathematics for understanding as knowledge of and profi- 
ciency with mathematical concepts and procedures, as well as an ability 
to reason about and make sense of mathematics. In particular, concep- 
tual understanding refers to comprehension of mathematical concepts, 
operations, and relations; procedural fluency includes skill in carrying 
out procedures flexibly, accurately, efficiently, and appropriately; and 
adaptive reasoning involves the capacity for logical thought, reflection, 
explanation and justification (NRC, 2001, p. 5). However, the typical 
model for teaching mathematics in American classrooms is to focus on 
developing knowledge and proficiency with mathematical procedures, 
with much less focus on making sense of and reasoning about the math- 
ematics (Stigler & Hiebert, 1999). Thus, to make progress on helping both 
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pre-service and practicing teachers adopt a more conceptually focused 
approach to mathematics teaching, research on mathematics instruction 
has identified several features of classrooms that achieve this vision of 
mathematics teaching and learning (Carpenter & Lehrer, 1999; Fennema 
& Romberg, 1999; Hiebert et al, 1997; National Council of Teachers of 
Mathematics [NCTM], 2000; Stein, Smith, Henningsen, & Silver, 2000). 
These include the nature of learning tasks, the role of the teacher, the 
social culture of the classroom, the type and use of mathematical tools, 
and the accessibility of mathematics to every student (Hiebert, et al., 
1997). Together, these elements can provide a classroom context that 
promotes mathematical proficiency beyond procedural facility. 

To begin, the nature of the tasks that students encounter defines the 
mathematics they learn. What task mathematics students are asked to 
work on and how they are asked to work on it shapes how they come to 
understand the discipline. Furthermore, the kinds of tasks that teach- 
ers present, the problems they pose, as well as how they are enacted in 
teaching, provide different learning experiences for students. As Stein, 
Smith, Henningsen, and Silver (2000) describe, different tasks require 
different levels and kinds of thinking, what they refer to as the cognitive 
demands (p. 3). Moreover, they explain that the cognitive demands of a 
task can change throughout a lesson as it comes to life in the classroom. 
In classrooms where teaching for conceptual understanding is the goal, 
tasks should pose genuine problems for students to solve, allow space for 
students to explore the mathematics and construct solutions based on 
prior knowledge, and afford opportunities for students to communicate 
and reflect on their thinking (Hiebert et al, 1997). 

A second feature of teaching for understanding involves engaging 
students in mathematical discourse (National Council of Teachers of 
Mathematics, 2000). Hufferd-Ackles, Fuson, and Sherin (2004) identify 
four key components of a math-talk community: questioning, explaining 
mathematical thinking, source of mathematical ideas, and responsibility 
for learning. In math-talk classrooms, both the teacher and the students 
play important roles in posing and answering questions and initiating 
mathematical ideas that focus on these attributes. Furthermore, students 
are responsible for articulating and justifying their thinking and for helping 
each other learn the mathematics. In their analysis of classroom discourse, 
Schleppenbach, Flevares, Sims, and Perry (2007) examine how student 
errors are taken up in classrooms where understanding is the goal. They 
found that errors provide opportunities for inquiry and for more extended 
conversations to unfold, with teachers and students examining why er- 
rors exist, what they reveal about conceptions and misconceptions, and 
how to go about developing deeper understandings. 
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As teachers seek to pose tasks and create a discourse environment like 
we describe, their role shifts in important ways. In traditional classrooms, 
teachers are typically responsible for presenting mathematical material 
and being the “knowers” of mathematics, modeling solutions, and check- 
ing for correctness. In the classrooms envisioned by reform mathemat- 
ics, their roles change to posing authentic tasks, managing student talk, 
and inviting students to participate as sources of mathematical ideas 
(Huffered-Ackles, Fuson, & Sherin, 2004). Clearly, the teacher plays an 
important role as the manager of the classroom, but a noteworthy differ- 
ence is that the teacher establishes classroom norms in which students 
also play important roles in the learning that takes place. 

Thus, in classrooms that promote learning with understanding, the 
social culture of the classroom is one of a community of learners. Hiebert 
and colleagues (1997) define four features of a classroom community. First, 
ideas are the currency of the classroom. That is, they have the potential to 
contribute to everyone’s learning and thus warrant respect. Second, students 
have autonomy with respect to the methods used to solve problems. There 
are a variety of methods for solving problems. Students need to be given 
opportunities to construct solutions, and they should be valued, discussed, 
and explored together. Third, mistakes are sites for learning. Student er- 
rors afford opportunities to examine student reasoning and should be made 
public for consideration and discussion, rather than corrected by the teacher 
(Schleppenbach, Flevares, Sims, & Perry, 2007). Finally, correctness and 
reasonability lie in the logic and structure of mathematics, not in the social 
structure of the classroom. In other words, the mathematics should drive 
whether an idea makes sense, not based on the popularity or position of 
the students who propose the ideas (Hiebert, et al., 1997). 

Another core feature of classrooms that promote learning for under- 
standing is that tools are used as learning supports. But tools in and of 
themselves are not sufficient. As Cohen (1990) illustrates, tools can be 
incorporated into a mathematics lesson, but teachers can adopt them 
in ways to continue to promote traditional teaching practices. In the 
model of teaching mathematics for understanding, tools are viewed as 
supports for learning. They are useful in helping students solve prob- 
lems, represent their thinking, and communicate their ideas. Further, 
the kinds of tools students use shape their learning and understanding 
of the mathematics. For example, whether students use base-ten blocks, 
hundreds charts, or counting by tens to understand tens and ones group- 
ings will influence what they come to understand and the strategies they 
use to think about the mathematics. For future teachers, this means 
developing their understanding of what different tools afford and how 
they can be used to support thinking and learning. 
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Finally, in classrooms that promote understanding, issues of equity 
and accessibility come to the fore. Researchers in mathematics education 
reform advocate for all students to have access to opportunities to learn 
mathematics for understanding. That is, tasks need to be established 
that are appropriate for students of all levels and they should all be 
expected to engage with the mathematics in the same ways, construct- 
ing solutions, communicating their thinking, and reflecting on their 
mathematical understanding. 

Pre-Service Teacher Learning: 

Learning to Teach Mathematics for Understanding 

While teacher education programs strive to help future teachers 
understand these core dimensions of mathematics teaching and learn- 
ing, research points to several challenges that prospective teachers 
encounter in learning to teach mathematics for understanding. First, 
prior research shows the critical role that pre-service teachers’ beliefs 
and knowledge play in learning to teach (Borko et al., 1992; Eisenhart et 
al., 1993; Richardson, 1996). Richardson (2003) explains that pre-service 
teacher candidates bring strong beliefs to their teacher education experi- 
ence about teaching and learning, and these beliefs play a central role 
for making sense of what they study. In particular, prospective teachers 
enter teacher education programs with “highly idealistic, loosely formu- 
lated, deeply seated, and traditional” beliefs (Richardson, 2003, p. 6). 
Thus, an important goal of teacher education is providing prospective 
teachers with experiences that call their beliefs into question in order to 
develop alternative images of the learning possibilities for students. 

Furthermore, teacher content knowledge also influences practice. 
For example, Borko and colleagues (1992) describe the case of a student 
teacher, Ms. Daniels, learning to teach mathematics with the goal of 
developing students’ conceptual understanding. This study examined 
Ms. Daniels’ knowledge in particular and found that while her beliefs 
were in line with those of the teacher education program, she did not 
have a sufficient understanding of the content to teach for conceptual 
understanding. More recent characterizations of teachers’ content knowl- 
edge for teaching (Ball, Thames, & Phelps, 2008) reveal the depth and 
range of knowledge required to plan and enact instruction that promotes 
mathematical understanding and sense-making. 

Teacher reflection also plays a central role in learning to teach for 
understanding. The NCTM Principles and Standards for School Math- 
ematics (2000) advocate that teachers have opportunities to continually 
reflect on and improve their practice. To do so, they should be able to 
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analyze their teaching and consider how their teaching affects student 
learning. However, this is not a simple matter for pre-service teachers. 
They need to learn how to deconstruct and analyze teaching as it relates 
to their learning goals (Hiebert, Morris, Berk, & Jansen, 2007). Recent 
research on teacher noticing (van Es & Sherin, 2002; Jacobs, Lamb, 
Philipp, Schappelle, & Burke, 2007; Sherin, 2007; Star & Strickland, 
2008), similar to what Schon (1983) terms reflection-in-action, refers to 
teachers’ in-the-moment decision making and suggests that both what 
teachers attend to in teaching and how they reason about it influences 
the learning opportunities that arise for students. However, pre-service 
teachers have few skills at observing teaching; thus, they need to learn 
to identify and unpack the interactions in teaching that both support 
and hinder learning for understanding. 

Recent assessments of pre-service teacher learning, such as the PACT 
Teaching Event, afford the opportunity to examine pre-service teachers’ 
conceptions of teaching mathematics for understanding. First of all, they 
document pre-service teachers’ knowledge and practice in the context of 
the work of teaching. Second, they prompt teachers to examine dimen- 
sions of classrooms that promote teaching for understanding. Third, pre- 
service teachers use artifacts from practice as evidence for claims they 
make about their instruction as it relates to the goals of the assessment. 
Thus, using the Teaching Event, we can investigate what teachers have 
come to understand about mathematics teaching and learning through 
their planning, enactment, and reflection on teaching. 

Research Study 

Study Context: Pre-Service Teacher Assessment 

Teacher assessment has been in place for centuries, and as Shul- 
man (1986) pointed out, early assessments privileged content knowledge 
for teaching and later shifted to focus primarily on the pedagogical 
knowledge and skills for teaching (Shulman, 1986). More recent as- 
sessments, however, acknowledge the important role of content and 
general pedagogical knowledge, as well as specialized pedagogical-con- 
tent knowledge needed for teaching, and they have been designed to 
integrate and evaluate teachers’ knowledge and skills in these areas. 
Sample assessments include the National Board for Professional Teach- 
ing Standards for practicing teachers, and for pre-service teachers, the 
Connecticut Teacher Assessment Center Program (CONNTAC) and 
California’s Performance Assessment for California Teachers (PACT) 
Teaching Event. These assessments are in the form of portfolios, and 
they prompt teachers to attend to the development of student learning 
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over the course of a learning sequence, with attention to the relationship 
between the particular teaching moves they employ and the learning 
that results. This analysis requires knowledge of students and their 
learning; the subject matter and how to teach particular content; how 
to manage and monitor student learning of diverse student populations; 
and skills at reflecting and inquiring into one’s practice. 

The PACT Teaching Event draws from artifacts created while teach- 
ing, along with accompanying commentary that provides the context for 
examining and interpreting the artifacts. For the mathematics Teaching 
Event, candidates are prompted to plan instruction and assessment of 3-5 
lessons to develop students’ conceptual understanding, computational/ 
procedural fluency, and mathematical reasoning skills. This assessment 
places student learning at the center, with particular attention to sub- 
ject-specific pedagogy and the teaching of English Learners. Candidates 
submit a portfolio with both written and video components, document- 
ing a brief learning segment that consists of several parts: Context, 
Planning, Instruction, Assessment, Reflection, and Academic Language. 
Subject-specific pedagogy is emphasized through the analytic prompts for 
the learning segment and video clips. Throughout the Teaching Event, 
candidates are prompted to articulate, explain, and justify planning and 
teaching decisions as they relate to teaching mathematics for understand- 
ing. In particular, they are asked to explain why the content is important 
for learning the mathematics, how they planned and taught a lesson to 
promote students’ development of conceptual understanding, computa- 
tional and procedural fluency, and mathematical reasoning skills, as well 
as their participation in mathematical discourse. Furthermore, they are 
prompted to discuss both the development of student learning over the 
course of the lesson sequence and how they assessed student learning as 
it relates to the learning goals. Thus, these foci engage candidates in close 
examination of their practice as it relates to the development of students’ 
mathematical proficiency. We use this assessment tool then to investigate 
our research questions because it captures in both written and video form 
how teachers plan, enact, and reflect on mathematics instruction that has 
a central focus to teach mathematics for understanding. 

Participants and Data Collection 

Data for this study came from the 2006-07 cohort of multiple subject 
teacher education candidates at a large California state university that 
is a member of the PACT Consortium. In the 2006-07 academic year, the 
cohort consisted of 80 multiple subject teacher education candidates, and 
they were required to complete their PACT Teaching Event on a math- 
ematics lesson sequence. For the initial inquiry into how the candidates 
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understood the construct of teaching mathematics for understanding, 
we selected two of the highest scoring candidate portfolios and the two 
lowest scoring portfolios (See Table 1). We used this sampling strategy as 
the initial step to allow us to see the extremes in the ways the candidates 
planned, taught, and reflected on their mathematics teaching. Further- 
more, while the candidates’ lesson topics and grade levels differed, the 
variety of topics was useful because they provided a broad picture of how 
candidates make sense of the principles for teaching for understanding. 

Data for this study consists of three parts of the Teaching Event 
for these four teachers. These include the lesson plan documents and 
reflections and commentary on lesson plan design and enactment, the 
video segments of teaching and reflections on teaching represented in 
the video segments, and reflections on the overall lesson sequence. The 
PACT Teaching Event consists of a series of questions to which candi- 
dates respond to make a case for effective instruction. In this study, we 
examined candidates’ responses to the following prompts: 

• How do key learning tasks in your plans build on each other 
to support students’ development of conceptual understanding, 
computational/procedural fluency, mathematical reasoning skills , 
and related academic language? Describe specific strategies that 
help build student learning across the learning segment. Reference 
the instructional materials you have included, as needed. 

• In the instruction seen in the clip(s), how did you further the 
students’ knowledge and skills and engage them intellectually 


Table 1 


Participant Information 


PACT Assessment 

Teacher 

Grade Level 

Mathematical Focus 

Low Scoring 

Karen 1 

4th grade 

Fractions 

and mixed numbers; 
Estimating fractions 

Nick 

3rd grade 

Geometry — lines, rays, 
angles, triangle, 
and perimeter 

High Scoring 

Melissa 

6th grade 

Percents, fractions, 
and decimals 

Lorena 

2nd grade 

Adding and subtracting 
three digit number 
problems; Regrouping 
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in understanding mathematical concepts and participating in 
mathematical discourse? Provide examples of both general strate- 
gies to address the needs of all of your students and strategies 
to address specific individual needs. 

• Describe the strategies you used to monitor student learning 
during the learning task shown on the video clip(s). Cite one or 
two examples of what students said and/or did in the video clip(s) 
or in assessments related to the lesson that indicated their prog- 
ress toward accomplishing the lesson’s learning objectives. 

Responses to these questions from the Teaching Event provide us with 
insight into the particular ways candidates perceived they designed and 
implemented instruction that promoted students learning mathematics 
for understanding. 


Data Analysis 

Qualitative methods were used to examine how pre-service teach- 
ers conceptualize and make claims about teaching mathematics for 
understanding (Mirriam, 1998; Schoenfeld, Smith, & Arcavi, 1993). In 
particular, both authors reviewed the four cases and constructed ana- 
lytic memos (Miles & Huberman, 1994) that characterize the pre-service 
teachers’ thinking and practice along the following dimensions of teach- 
ing mathematics for understanding: the nature of mathematical tasks, 
mathematical discourse, the use of tools for learning, the social culture 
of the classroom, and norms for participation (Carpenter & Lehrer, 1999; 
Fennema & Romberg, 1999; Hiebert, et al., 1997; Hufferd-Ackles, Fuson, 
& Sherin, 2004; Stein, Smith, Hennigsen, & Silver, 2000). These catego- 
ries were used to inform what areas we focused on in our analysis of the 
written documents and the videos of teaching. For example, for the area 
of mathematical discourse, we reviewed the lesson plans and commentary 
for evidence of the candidate seeking to create an environment where 
both students and teachers communicate about mathematical ideas (e.g. 
question, explain, justify, support each other’s learning) and examined 
what in particular they planned to do to create a discourse community and 
their justification for their plan. We then turned to video clips to study 
how these plans were put into practice, as a second source of evidence of 
understanding. While candidates may plan to conduct a class discussion, 
the enactment of the discussion reveals the roles teachers and students 
play and how ideas are developed in context. We followed this process for 
each dimension of teaching for understanding. 

Furthermore, research on teacher noticing (Jacobs et al., 2007; van 
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Es & Sherin, 2002; Star & Strickland, 2008) also informed the analysis. 
In particular, this research provides a framework for characterizing what 
teachers examine as they observe teaching and how they reason about 
teaching and learning, both in the act of teaching and when they reflect 
on teaching. What candidates attend to refers to the issues they notice 
(classroom management, mathematical thinking, classroom discourse, 
pedagogy, and classroom climate) as well as who they notice (the whole 
class, particular students, or the teacher). How candidates reason about 
what they observe includes their stance (describe, evaluate, or interpret) 
and their level of specificity (oversimplify and generalize versus narrow 
and specific events and interactions). Thus, we used this to guide how we 
characterized what teachers paid attention to as we examined the video 
records, as well as their approach to observing teaching as they reflected 
on the learning segment in the commentary and reflection segments of the 
Teaching Event. This framework also provided us with a way to capture 
what counted as evidence for the candidates when they made claims about 
their instructional practice as it related to the Teaching Event prompts. 

For all four teachers, we examined both the written documents (les- 
son plans and reflections) and video (teaching) and created memos to 
characterize how they implemented each dimension of classroom envi- 
ronments that support teaching for understanding across the Teaching 
Event and how they identified these dimensions in their teaching. Once 
the analytic memos were created, we compared memos for evidence of 
teaching for understanding and identified several themes that capture 
differences and similarities in the ways that high and low performing 
candidates interpret this construct. To be clear, we do not expect that 
these are the only ways that pre-service candidates will define the con- 
struct of teaching for understanding. Rather, the themes we identified 
emerged from the cases herein. We argue that this analysis is useful 
because it begins to articulate how prospective teachers understand 
the practices for teaching and learning mathematics for understanding, 
specifically, what features of a classroom environment should be present 
as they plan for instruction, as well as how they enact these features 
in teaching. Furthermore, these results can be used to inform analysis 
of additional cases in order to create a more robust characterization of 
pre-service teachers’ understanding of this area of focus of the Teaching 
Event. We now present the results from this analysis. 

Results & Discussion 

Data analysis reveals several differences between the low and high 
performing candidates’ conceptions of teaching and learning mathematics 
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for understanding. These differences fall within three categories: the use 
of mathematical tools; the roles of students and teachers in the learning 
setting; and pre-service candidates’ analyses and reflections on teaching. 

Different Conceptions of Teaching Mathematics for Understanding: 
Use of Mathematical Tools 

A central element of classrooms that promote learning mathematics 
for understanding is the use of tools. In mathematics classrooms, tools, 
such as base-10 blocks or Unifix cubes, are used to represent mathemati- 
cal ideas and to help students make connections between procedures and 
the underlying mathematics. In the Teaching Event portfolios we ana- 
lyzed, Melissa and Lorena used tools to create multiple representations 
of the mathematics, whereas in the cases of Nick and Karen, the tools 
were selected because they were familiar to students or they believed 
the students would enjoy them. For example, in Lorena’s classroom, her 
students worked on multi-digit addition and subtraction. She elected 
to use base-10 blocks because they represent hundreds, tens, and ones 
and students can manipulate them in order to regroup them and build 
their understanding of place value. 

In contrast, in Nick’s classroom, he taught a lesson on different 
kinds of triangles, and in the discussion of acute and obtuse triangles, 
he explains that he will alter his voice in different ways to represent 
these triangles. 2 In his lesson plans, he writes, 

A good way to remember that an obtuse angle is greater than a right 
angle is to practice saying it in a huge way. Model to students how to 
say obtuse in a low and big voice. . . Next, tell the students that a bet- 
ter word for less than angle is acute angle. Ask the students how we 
might say acute angle. Model for the students how to say acute in a 
high mouse like voice... (p. 16 ) 

This verbal representation, in this case changing one’s voice to represent 
different size triangles, has little, if anything, to do with the mathematics. 
To justify this design decision, Nick explains in his reflection of the lesson 
sequence that his lesson sequence design is informed by Gardner’s notion 
of multiple intelligences. Thus, he uses the two different voices to appeal 
to auditory learners. Furthermore, he explains that he makes choices 
because students will think it is fun. We can interpret that this choice 
was made because of the emotional impact it would have on students. 
This example is problematic from the perspective of developing concep- 
tual understanding because it does not help students make sense of or 
reason about the different properties of triangles in order to distinguish 
them in the future. Thus, this becomes a superficial representation and 
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lacks mathematical meaning to promote student understanding. Choosing 
tools that are mathematically relevant versus ones that are not was a 
consistent distinction we observed between the low and high performing 
candidates. While all four candidates have some understanding that tools 
are an important dimension of the learning environment, they differ in 
what they understand the tools should be used for and how they promote 
learning the mathematics. The higher scoring cases think of tools as sup- 
ports for learning or as a means for representing mathematical reasoning 
or solutions. The lower scoring candidates consider tools in light of their 
entertainment value and make unwarranted connections between the 
use of tools and learning for understanding. 

Lorena, for example, uses base-ten manipulatives alongside the tradi- 
tional representation of an addition or subtraction problem. She adds coins 
because of the base-ten nature of United States money system as another 
way for students to understand base-ten operations. It is noteworthy that 
in Lorena’s reflections she admits that her cooperating teacher restricted 
her use of tools and that she would, “allow students to have some time 
exploring and working with the manipulatives. . . . [and] to experiment 
with adding and subtracting numbers using invented strategies that they 
developed.” At the beginning of Nick’s lesson on triangles, he introduces 
students to lines, rays, and angles and asks students to position their arms 
in different ways to represent each. When he reflects on this strategy, 
Nick states that he would do more of the same with the use of students’ 
arms, and he writes, “make a little dance or sequence of motions with 
the arm movements. Students could chant the names of the lines, rays, 
or angles as the students move through the motions. This will also help 
to further develop academic language and increase student discourse.” 
While Lorena is restricted by the context of her teaching, she shows an 
understanding of the potential value of mathematical tools, while Nick’s 
understanding of tools as mathematical supports is limited. 

The Roles of Teachers and Students in the Learning Environment 

A second difference between the low and high performing candidates’ 
portfolios relates to the roles individuals adopt in promoting mathemati- 
cal thinking. A key dimension to engaging students in developing their 
own understanding of mathematics involves shifting the responsibility 
for learning solely from the teacher to both the students and the teacher 
(Carpenter & Lehrer, 1999; Hufferd-Ackles, et al., 2004). In the analy- 
sis of the written documents and the videos, we observed a difference 
between how the teacher candidates intended to position themselves 
to the learners and how they actually did so in their video. Throughout 
the planning documents for all four candidates, they appeared to be plan- 
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ning for students to take on responsibility for their learning. However, an 
important difference between the high and low scoring candidates was 
that the higher-scoring candidates noticed discrepancies in their planning 
and teaching on this dimension in their reflection, while the lower-scor- 
ing candidates did not. For example, one of the high-scoring candidates, 
Melissa, writes in her reflections that in the future she will “invite the 
students to be more involved in the lesson. I guided them a little too 
much through the lesson and I think they would have benefited more by 
figuring out the process to arrive to the solution by themselves instead 
of me explaining every step.” This is in contrast to Nick, who resolves to 
add more of the same, instead of noticing that his students were virtually 
silent even though he had planned for students to “take responsibility for 
what they say, as they are sharing information with another student.” 

Even though they might not have been fully effective or cognitively 
demanding, efforts to involve students in their own learning were visible 
in the high-scoring cases. For example, we observed attempts on both 
Melissa’s and Lorena’s parts to shift the ownership of the lesson to the 
students, by inviting students to assist with representing a problem at 
the board or probing student ideas. In contrast, both Nick and Karen 
controlled the lessons and did much of the mathematical work that we 
observed in the video segments. Furthermore, in the reflections on teach- 
ing, both Melissa and Lorena showed an awareness of what students 
were doing and saying throughout the lessons, whereas Nick and Karen 
focused consistently on themselves and on their teaching. For example, 
in Lorena’s lesson commentary, she reflects that if she were to re-teach 
her lesson, she would make several changes to allow for more student 
interaction, such as giving more time to work with manipulatives, 
providing students with opportunities to invent strategies for solving 
addition and subtraction problems, and offering students a chance to 
look for patterns and make observations about math instead of having 
them do multiple problems. Similarly, Melissa acknowledges the need 
to offer students greater freedom to converse with one another about the 
mathematics, let student questions guide her instruction, and broaden 
the participation of students from one to many by using participation 
strategies that increase accountability. This attention to how students 
interact with and engage with the mathematics was not evident in the 
low performing candidates’ reflections. 

This distinction is important because it reveals one perception that 
the construct of teaching and learning for understanding is relational, 
that it involves examining both the teacher and the learners and how 
they interact with each other and with the mathematics. In contrast, 
Nick’s and Karen’s portfolios reveal a focus on the teacher as the central 
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agent and students as recipients, with teacher moves used as evidence 
of engaging students with mathematical procedures and concepts. 

Pre-service Teachers’ Approaches to Analysis and Reflection 

Finally, we observed a difference in how the low and high performing 
candidates reflected on their teaching mathematics for understanding. 
Specifically, Melissa and Lorena used specific evidence to support their 
claims about particular practices in action in the video clip, whereas Nick 
and Karen referred to little if any of the particular events in the clips to 
support their claims. Consequently, Melissa and Lorena achieved more 
substantive analyses, grounded in the particulars of their video clips. In 
contrast, Nick and Karen over-generalized, offering superficial, global 
claims without pinpointing specific events or interactions to support 
claims of best practices in their teaching. We highlight these distinc- 
tions because research shows that attention to the specific events that 
occur in teaching helps promote a more student-centered approach to 
instruction (van Es & Sherin, 2005). 

We propose that these habits of reflection influence the extent to which 
future teachers notice particular aspects of the learning environment and 
how they reason about what they see. For example, adopting a finer grained 
focus on student thinking enables future teachers to notice particular ways 
that students work with and use manipulatives and draw inferences about 
how their particular strategies support or constrain learning. Similarly, 
by attending to the particular ideas students raise in a discussion, they 
can draw claims about student conceptual understanding. In contrast, a 
more broad, global focus would facilitate noticing that the students use 
manipulatives but may inhibit them from seeing how they use them to 
engage with mathematical ideas. Likewise, from the broader perspective, 
candidates may notice students participating in a discussion, but without 
delving into the particulars of what they say or how they participate, 
they may draw weaker inferences about what constitutes mathematical 
discourse and how it advances student learning. 

These contrasting perspectives of what counts as evidence of teach- 
ing and learning for understanding demonstrated by our four cases 
suggests that attention should be given in pre-service teacher education 
to defining core concepts in such a way that their key characteristics 
are vividly understood through multiple iterations and discussions by 
candidates. In other words, helping candidates “see” students developing 
conceptual understandings and reasoning about mathematics must be 
scaffolded in the same way as developing the candidates’ understanding 
the mathematics itself. 
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Similar Conceptions of Teaching Mathematics for Understanding 

While we identified three ways the pre-service teachers differ in 
what and how they observed teaching mathematics for understand- 
ing, we also found two similarities in their Teaching Events. The first 
similarity concerns the language the candidates use to discuss teaching 
and learning for understanding, and the second involves how the four 
teachers planned, enacted, and reflected on their efforts to promote 
mathematical explanation and reasoning. 

Appropriating a Discourse of Teaching and Learning 

One similarity between the four candidates’ PACT assessments was 
that they attempted to use the language they had been introduced to in 
the teacher credential program to write about and reflect on mathematics 
teaching and learning. In particular, when discussing how they designed 
instruction to promote mathematical understanding, they referred to the 
importance of group work (e.g., Think-Pair-Share or Think-Talk-Show), 
the use of tools and manipulatives, accessing students’ prior knowledge, 
making real world connections, and differentiating instruction. These 
phrases and concepts were evident across the planning and reflection 
documents and suggest that the prospective teachers had come to appro- 
priate a discourse they had learned in the teacher education program to 
talk about their teaching and student learning. However, as we discussed 
above, the distinctions in their understandings of these constructs became 
apparent, for example, in how they put these constructs into practice, as 
well as in the depth of their analysis and reflection of their teaching. 

Mathematical Discourse and Reasoning 

The second similarity concerns the dimension of pressing students to 
explain and reason through the mathematics. Research highlights the im- 
portance of students explaining and discussing their thinking and teachers 
questioning students, all in the service of helping students reason and make 
sense of the mathematics (Carpenter & Lehrer, 1999; Hufferd-Ackles, et al., 
2004). Our analysis found that the four candidates held similar notions of 
engaging students in reasoning about and explaining mathematical ideas. 
Consistent across all four cases was that the candidates posed questions in 
which the answer was one of three types: a) yes or no answers, such as “Does 
anyone have any questions?” or ‘Does everyone get this?”; b) a numerical an- 
swer to the math problem being posed; or c) the next step in a mathematical 
procedure being led by the teacher. While all four teachers asked questions, 
their questions were rarely of the sort to promote deep sense-making and 
problematizing of the mathematics (Hiebert, et al., 1996). 
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Furthermore, they did not create a discourse community in which 
student talk was focused on reasoning. In fact, all four candidates ap- 
pear to have unclear and vague notions of what it means to engage 
students in mathematical discourse that promotes reasoning and thus 
use weak evidence to make claims that it was evident in their teaching. 
For instance, in Nick’s instructional commentary, he writes, “students 
participated in discourse by silently communicating with arm positions. 
Discourse was also achieved through verbal and written explanations 
of mathematical concepts. All of the angles, rays, and lines discussed in 
class were drawn on the board and labeled accordingly.” His evidence 
of mathematical discourse includes students communicating through 
gestures as well as visual images represented and labeled on the board 
for the students to see. While these are both ways of communicating 
information, in neither case were students placed in positions to explain 
the gestures they made and why they made sense for the mathematics 
they were learning or to compare and contrast the visual images on the 
board and the distinctions between each. Thus, students were presented 
with images, but the images were not used to engage students in think- 
ing about the mathematical concepts they represent. 

The two high scoring candidates also had vague and superficial con- 
ceptions of developing a mathematics discourse community. For example, 
in Lorena’s teaching, she sets up structures for students to work together 
to solve the subtraction problems that involve regrouping, but there is 
not evidence of Lorena engaging the students in talk about their work. 
Furthermore, her reflections do not point to the need for more student 
discourse. On the other hand, Melissa acknowledges the value of students 
talking to one another. She writes in her reflection, “I think the students 
would have benefited by performing this activity in a Think, Pair, Share. 
This way they would help one another solve the problem and could an- 
swer each other’s questions.” While she seems to believe that student 
conversation would be useful, her focus is less on the discourse about the 
mathematics and more on the participant structure that could be used 
to organize student talk. Thus, we see that both high and low candidates 
have fragile understandings of discourse community features. 

Conclusion 

In sum, this study sought to understand how pre-service teachers 
have come to understand the construct of teaching mathematics for 
understanding, with particular concern for how they define conceptual 
understanding and reasoning mathematically, as well as what they count 
as evidence of this practice in teaching. We found that the four cases we 
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analyzed point to distinctions and similarities in how candidates con- 
ceptualize this construct, and these variations are useful for beginning 
to define a framework for pre-service teachers’ conceptions of teaching 
mathematics for understanding. In particular, we identified three differ- 
ences in relation to the use of mathematical tools, the roles of teachers 
and students in the learning environment, and strategies for analyzing 
and reflecting on teaching and learning. We also identified two areas of 
similarity, namely, the language candidates use to talk about mathemat- 
ics teaching and learning and the ways they consider engaging students 
in mathematical discourse and reasoning. These results are important 
because they highlight the particular ways that pre-service teachers have 
come to make sense of critical dimensions of mathematics instruction, as 
well as how difficult it is to implement in practice, even if they can talk 
about it in their planning and reflection. 

This study begins to uncover the ways that pre-service teachers 
examine teaching, the grain size at which they do so, and how they use 
their analysis and interpretations of their practice to argue for evidence 
of effectively engaging students with mathematical concepts and in 
mathematical discourse. However, we observed important distinctions 
both in how the high and low performing candidates have come to de- 
fine teaching mathematics for understanding and in what they count 
as evidence for this in practice. Understanding these distinctions can 
help teacher educators design instruction that scaffolds pre-service 
teachers to develop richer and more nuanced understandings of teach- 
ing mathematics for understanding and to learn to design instruction 
to accomplish this goal in their teaching practice. 

Notes 

1 Pseudonyms are used to protect the identity of teacher candidates. 

2 Drawing on Cole (1996) and Vygotsky (1978), we define tools as physical 
objects and visual representations, as well as language and its use in context. 
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